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Think About This

We insert multiple random items into a 
data structure without following a 
specific order. We need to find the min 
or max item. How do we do it?

Sorting and then get min/max?
𝑂 𝑛 log 𝑛 + 𝑂 1 ∈ 𝑂 𝑛 log 𝑛

Ordered insertion then get min/max?
𝑂 𝑛 + 𝑂 1 ∈ 𝑂(𝑛)
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Binary Heap

A binary tree-based data structure 
such that:

• The binary tree is complete.
• It is heap-ordered:
• Min-heap order: The parent’s item 

is less than the children’s items.
• Max-heap order: The parent’s item 

is greater than the children’s 
items.
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6Note: Items must be comparable to answer questions of the form: is 𝐴 < 𝐵?



"Algorithm 232 - Heapsort“, J. 
W. J. Williams,  "Communications 

of the ACM“, 1964

7https://dl.acm.org/doi/10.1145/512274.512284
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Binary Heap

What did we say about balanced 
binary trees? Many things that 
lead to:

ℎ ∈ Θ(log2(𝑛))

So, every complete binary tree is 
balanced!
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Binary Heap

Max-heap (aka Max Priority Queue) if 
the key in each node is larger than or 
equal to the keys in that node’s two 
children (if any).

Min-heap (aka Min Priority Queue) if 
the key in each node is less than or 
equal to the keys in that node’s two 
children (if any).
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Binary Heap ADT

● insert(item): Inserts the item in the heap 
and moves it into its right place.

● [del, get] [min, max] (): Removes and 
returns the next item in the heap.

● isempty(): Checks whether the heap is 
empty or not.

● size(): Returns the number of items in the 
heap.

● peek(): Returns the next item in the heap 
without removing it.
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Insertion on Binary Heaps
Insert each item in the next available location in a heap, then swim up the item until it 

reaches its proper place according to the heap order.

Each insertion is 𝑂 log2 𝑛
Why? It traverses a single path of a complete binary tree

Idea
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Insert into a Min-Heap: 23, 10, 17, 28, 34, 89, 22, 9

Insert 23:

23

Insert 10:

23

10

10

23

Insert 17:

10

23 17

Insert 28:

10

23 17

28
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Insert 34: Insert 89: Insert 22:
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28 34 89
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23 17

28 34 89 22
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Insert 9:

10

23 17

28 34 89 22

9

9

10 17

23 34 89 22

28
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Delete/Get Min/Max
Put aside the item at the top of the heap. Move the last item in the heap to the top, 

then sink down the item until it reaches its proper place according to the heap order. 
Finally, return the previous top value.

Each deletion is 𝑂 log2 𝑛
Why? It traverses a single path of a complete binary tree

Idea
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getMin():

9

10 17

23 34 89 22

28

28

10 17

23 34 89 22

10

23 17

28 34 89 22

Return 9
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Examples of Priority Queues

1. Emergency clinics process patients with different emergency levels. Some 
patients require immediate attention, while others may wait a bit longer.

2. You are in line for the next cashier to pay for groceries. Someone with fewer 
items than you is behind you in line.  You, out of the goodness of your heart, tell 
the person to go ahead of you in line.

3. Operating systems have process priority scheduling. Priorities based on 
technical quantities (memory usage, I/O operations, sleeping time), politics, or 
user preference.
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How Do We 
Implement A 
Binary Heap?
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0 1 2 3 4 5 6 7 8

leftchild 𝑖 ∈ ℤ≥0 ∶= 2𝑖 + 1

rightchild 𝑖 ∈ ℤ≥0 ∶= 2𝑖 + 2

parent 𝑖 ∈ ℤ+ ∶=
𝑖 − 1

2

Array Implementation

20

BH

For implementation purposes, you must handle parent(0) as a corner case.



Insertion in a 
Min-Heap

algorithm insert(A:array, X:item)

let i be A’s next available index
A[i] ← X
p ← parent(i)

while i > 0 and A[i] < A[p] do
swap(A, i, p)
i ← p
p ← parent(p)

end while

end algorithm
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Insert into a Min-Heap: 23, 10, 17, 28, 34, 89, 22, 9

Insert 23:

23

Insert 10:

23

10

10

23

23

0 1 2 3 4 5 6 7

23 10

0 1 2 3 4 5 6 7

10 23

0 1 2 3 4 5 6 7
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10

23 17

Insert 17: Insert 28:

10 23 17

0 1 2 3 4 5 6 7

10 23 17 28

0 1 2 3 4 5 6 7

10

23 17

28
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10

23 17

28 34 89

10

23 17

28 34

Insert 34: Insert 89:

10 23 17 28 34

0 1 2 3 4 5 6 7

10 23 17 28 34 89

0 1 2 3 4 5 6 7
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23 17

28 34 89 22

Insert 22:

10 23 17 28 34 89 22

0 1 2 3 4 5 6 7
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10

23 17

28 34 89 22

9

Insert 9:

10 23 17 28 34 89 22 9

0 1 2 3 4 5 6 7

9

10 17

23 34 89 22

28

9 10 17 23 34 89 22 28

0 1 2 3 4 5 6 7
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GetMin

algorithm getmin(A:array) → item
throw an exception if A is empty
t ← A[0]
let n be size of A
A[0] ← A[n-1]
n ← n–1
i ← 0
min ← minchild(A, i)
while min < n and A[i] > A[min] do

swap(A, i, min)
i ← min
min ← minchild(A, i)

end while
return t

end algorithm

27Think carefully about minchild(A:array, i:ℤ≥0)→ ?. What value should it return if the left child of i does not exist?



Keep In Mind

Swim Up and Sink Down (AKA. Sift Up and Sift Down) 
functions are almost the same for Min-Heaps and Max-Heaps. 
The difference is the comparison signs to preserve the 
respective heap order.

Due to their fast runtime complexity 𝑂 log2 𝑛 for both 
insertion and deletion, Min/Max binary heaps are used as a 
fundamental data structure for more sophisticated data 
structures and algorithms.
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Done!
Do you have any questions?
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